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. We consider a modification of the Winter model describing a quantum particle in 

presence of a spherical barrier given by a fixed generalized point interaction. It is 



(N 
O 



I shown that the three classes of such interactions correspond to three different 



types of asymptotic behaviour of resonances of the model at high energies. 



o 

\o 
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' Models with contact interactions are popular because they allow us to study 

^ ■ properties of quantum systems in a framework which makes explicit solutions 

O^. possible. It was found in the beginning of the eighties that the usual S 

interaction on the line has a counterpart, named not quite fortunately S', 
^ ; and a little later the complete four-parameter class of the generalized point 

' interactions (GPI's) was introduced [HE]- Properties of these interactions 

^ are now well understood - see [S| for a rather complete bibliography. 

The GPI's fall into different classes according to their behaviour at low 
and high energies. The most simple manifestation can be found in scattering. 
While a 5-type barrier behaves as a "usual" regular potential becoming trans- 
parent at high energies, the (5'-like one on the contrary decouples asymptoti- 
cally in the same limit. In addition, there is an intermediate class for which 
both the reflection and transmission amplitudes have nonzero limits as the 
energy tends to zero or infinity j3]. Furthermore, in Kronig-Penney-type 
models describing periodic arrays of such interactions, the indicated classes 
differ by the gap behaviour at high energies; this has important consequences 
for spectral nature of the corresponding Wannier-Stark systems ISHE]- 
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In this letter we discuss the GPI's in the context of the generahzed Winter 
model describing a quantum particle in presence of a rotationally symmetric 
surface interaction supported by a sphere; we suppose that the interaction 
is repulsive corresponding to a barrier which gives rise to tunneling decay 
and scattering resonances. Our aim is to show that the said GPI classes cor- 
respond to different high-energy asymptotics of the resonances, specifically, 
we are going to show that for the 5-type interaction the resonance lifetime 
tends to zero with the increasing energy, for S' interaction it increases to 
infinity asymptotically linearly in the resonance index, and that there is an 
intermediate case for which the resonance lifetime still tends to zero but in 
a slower way than it the S case, 0{n^^) vs. 0((nlnn)~^). 

Recall that the Winter model was introduced in [71IH|, originally for the 
6 barrier in which case the Hamiltonian can be formally written as 

H = -A + a6{\x\-R), 

where R is the radius of the sphere Sr and a is the coupling constant. A 
thorough analysis including the 6' extension can be found in [H]; an extension 
to multiple spheres is given in PU] and other related results are reviewed in [S] . 
From the mathematical point of view such models are described by means 
of spherically symmetric self-adjoint extensions of the symmetric operator 
H : HiIj = -AiP, defined on D{H) = {/ G W^'^iR^ \ Sr), f{x) = V/(x) = 
for X G Sr}, i.e. the restriction of the free Hamiltonian to functions 
vanishing together with their derivatives on the sphere. These extensions 
form a four-parameter family characterized by the conditions below. 

The spherical symmetry allows us to reduced the analysis to a family of 
halfline problems by partial wave decomposition PU]). Using the isometry 
U : L'^{{0, oo), r'^dr) L'^{0, oo) defined by Uf{r) = rf{r) we write 

L2(/?3) = [7-1^2(0, oo) ® Sf^ , H = Qu-^hiU ®Ii 
I I 

where J; is the identity operator on S'j''' and hi = — ^ + ^^^t^ with the domain 
D{hi) = {/ e Dih*)- f{R) = f{R) = 0}; here D{^) = W^^\{Q, oo) \ i?) if 
/ 7^ while for / = the requirement /(0-|-) = is added. The equation 

h*f = k'f, lmk>0, 

has two linearly independent solutions [HI , namely 

$«fr) = I fV^Mkr)Hi'\kR)^/R 
"''^ ' \ fVRMkR)H!)'\kr),/¥ 
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^{Jl{kR)kVR+MkR)^] 



"'■'^'^ ^ tUJUkR)k^+ MkR)-^)Hi'\kr)^ 



for < r < R and r > R, respectively, where u = 1 + 1/2; thus we have a four- 
parameter family of extensions which can be parameterized via boundary 
conditions at the singular point R. 

There are many different, mutually equivalent forms of such boundary 
conditions. We will use those introduced in a (rotationally invariant) 
surface interaction Hamiltonian is characterized by 



fiR+)-fiR-) = + ^ ^ 



for a, /5 G M and 7 G C; we will call such an operator Ha^p^'y- The three GPI 
classes mentioned in the introduction are the following, 

• 6-type: Re'j = P = 0, 

• intermediate type: Re 7 7^ 0, /5 = 0, 

• 6'-type: f3 ^ 0. 

Notice that the intermediate class contains the "scale-invariant" interaction 
considered recently by Hejcfk and Cheon TT]; it corresponds to a = /3 = 
and 

h — h^^ + 2i sin (p 
^ ~ h + h-^ + 2cos0 ' 

where h is their a. Notice also that this interaction is not as exotic as it 
might look; it appears in description of a free quantum motion on a regular 
metric tree |T2] where = and h = \fN where N is the branching number. 

Of the other forms of the boundary conditions let us mention those of 
|13j . Denote by F the column vector of f{R+) and f{R—), with F' similarly 
corresponding to the one-sided derivatives ai r = R. Then the self-adjoint 
extensions are parametrized by 

{U-I)F + i{U + I)F' = 0, (2) 

where 



U = e'^ 



Ui U2 
-U2 Ui 
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is a 2 X 2 unitary matrix, Ui, ^2 G C with |-Uip + |'U2p = 1 and ^ G [0, vr). 
The boundary conditions (j21) are related to ((T)) by 



U2 



-2(a + /5) +4iRe7 



tan,^ 



+ + 4a2 + 4/32 + 8|7|2 + 16 
1 (a/3 + |7p - 4) - 4zlm7 

2^ + + + 4/32 + 8|7|2 + 16 

al3+ |7p + 4 



2(a-/3) ' 

in particular, the case M2 = 0, or 

+ ItI^ = 4 and Im7 = 

corresponds to the separated motion inside and outside the barrier; in such 
there is infinitely many embedded eigenvalues on the positive real 
axis. The three distinct classes in the question can also be described through 
the matrix U . For instance, the (5'-type requires Rewi + cos^ 7^ 0, while 
for the former two types this quantity vanishes, the ^-type corresponding to 
Imiii = 0. It is easy to cast these conditions into a more elegant form. 



5-type: dei{U + /) = 0, a^U^ai = f/, 
intermediate type: det{U + /) = 0, aiU'^ai 7^ U, 
5' -type: |det(f/ + /)| > 0. 



In particular, the 6 and intermediate type are the family of point interactions 
for which —1 is an eigenvalue of corresponding matrix U, with the 5-type 
being the subfamily invariant under the PT-transformation, induced by the 
map U —>■ aiU'^ai, where ai is the first Pauli matrix ,14. 

Another equivalent form of the boundary conditions which can be traced 
back to P 12] is 

fiR+) \_j^f f{R- 



f'{R+) J V f'iR- 

where A is a matrix of the form 

A = e*^ f ^ ) ' ^ ^ i*^' a, b, c, d eR, ad-bc=l 
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in terms of parameters used above A can be written as 



1 / |7|^ + 4-4Re7 4/3 

|7p -4 + 4iiIm7 V 4a a/3 + |7|2 + 4 + 4Re7 



Using the transformations 

/ 



gi</.j r < R 
e'^f r>R 



it is easy to see that extension corresponding to U and U' are unitarily 
equivalent if 1^21 = 1^2 1. Moreover, to any extension described by (a', /?', 7') 
there is a unitarily equivalent one with (a, /3, 7) such that Im7 = 0. Indeed, 
the above transformation with ^ = means the replacement 



A A = e*(>^-^) 



a b 
c d 



so in any class of unitarily equivalent extensions there is one with a real 
transfer matrix; this occurs if Im7 = 0. 

After these preliminaries let us turn to our main subject. If U2 7^ 
the Hamiltonian has no embedded eigenvalues. The singularities do not 
disappear, however, instead we have an infinite family of resonances. To find 
them, we have derive an explicit expression for the resolvent which can be 
achieved by means of Krein's formula ^ App. A]: we have 

2 

{H^^,p,,),i - = {Ho,i - + ^ A^.(a, /3, 7)($!_t p -W^i ' 

m,n=l 

where are the solutions to the deficiency equations given above. The 
coefficients Xi^j are found from the fact that the resolvent maps into the 
domain of H(_a,i3,'y) which means, in particular, that (-^(a,/?,^),/ — k'^)~^g must 
for any g G L'^{{0, 00)) satisfy the boundary conditions ((T)). A straightforward 
computation then gives 

a - ^T\R){a(3 + \^\') 

All — 



det A 

7 + $f^(i?)M+|7p) 



det A 
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where the denominator is given exphcitly by 

det A = -1 - (^ + ^)^(^\r) _ ^-{a(3 + \^\') (3) 

and by := 1 + 

As usual the resonances are identified with the poles of the resolvent 
at the unphysical sheet, Imk < 0, their distance from the real axis being 
inversely proportional to the lifetime of the resonance state. We will discuss 
the asymptotic in momentum fc-plane, more specifically, the behaviour of 
Im kn corresponding to the nth resonance, given through roots of the equation 

det X{k, a, /?, 7) = (4) 

in the open lower halfplane. We are going to demonstrate that 

• for the 6-type the quantity Imkn increases logarithmically w.r.t. the 
resonance index as n ^ cx), 

• for the intermediate type ImA;„ is asymptotically constant, 

• finally, for the 6' -type with f3 > the quantity Imkn behaves like 
(9(?T,~^) as n ^ 00. 

As the poles occur in pairs in the momentum plane we restrict ourselves 
to those in the fourth quadrant. To prove the claims made we are going to 
compute explicitly the functions ^^^\ and to expand then the equation (jH) in 
terms of k~^. The computation is tedious but straightforward; it yields 

det A ^ e-{2.i.L_, + Lo + ^ + ^ + 0(^-3)} 

+2kRL,i + Lo + ^ + 0(^2) , (5) 

where 

= -"in 
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= 0—B 1 


- 2Re7C„ 


Li 


= B-Bn- 




L2 




-2Re7Ci - 


L-i 






Lo 


1 




Li 


= 4^°- 


- aiDi 



and the real constants B, C, D , which we do not present exphcitly, depends 
only on the partial- wave index /. Three distinct cases naturally arise: 

6-type interaction: If /5 = 7 = (general 5-type interaction with Im7 7^ 0, 
is unitarily equivalent to this case with a' = ^^2"^^ ) it holds L„i = Lq = 
and the resolvent-pole equation (j3)) takes the form 

In the leading order we have 1 = ^(—1)' e^*'^'^. Taking the absolute value we 
see that Imk = o{k) as \k\ ^ 00 so we obtain = e~^^^™'^' up to higher 
order terms; substituting back to the first equation we get the asymptotic 
formulae 



and 



^ {2mT + /tt + ^) + 0{n~^ Inn) for a > 
2^ (2r27r + /tt + f) + 0(ra~Mnn) for a<0 



ImA;„ = --Lln^^^ (l + 0(^-^)) • 
2R \a\ 



Intermediate-type interaction: If /3 = and Re 7 7^ the resolvent-pole 
equation (0} takes the form 



2kR {2kRY J 2kR 
so in the leading order of k~^ we have 
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which shows that Imk is asymptotically constant because both coefficients 
are nonzero. Using the explicit forms of Lj for /? = we get 



+ + f + f) + 0( 



n 



where the upper expression holds for Re 7 > and the lower one for Re 7 < 0. 

5' -type interaction: In the most general case when /3 7^ the same is true for 
L_i, and therefore in the leading order of we get the equation 

2kRL_ie^'^^ + 2kRL_i = 0. 

Its solutions, 

(0) _ 7r(/ + l) 

2R ' 

are real which implies that Im A;„ — as n — 00. To obtain the convergence 
rate, we have to expand the expression (0) in the vicinity of kn \ This shows 
that the first nontrivial contribution to the imaginary part of resonance is of 
the second order in hence we deal with a quadratic equation which 

yields the asymptotic formula 

This finishes the proof of the above claims. 

In order to suppress additional indices we restrict ourselves to M^, but 
the above formulae holds for general n with simple substitution / z/ — 1/2. 

To illustrate this result, we present in Fig. ^ the pole behaviour for a 
sphere of radius i? = 1 in the three cases. To show them on the single chart 
we choose the parameters a = 50, 7 = /5 = 0, for the 5-interaction, a = P = 
0, 7 = 1 + i, for the intermediate interaction and a = 7 = 0, = 0.01, for 
the ^'-interaction. 
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Figure 1: Asymptotics of the resonances in the momentum plane. Here the 
5-type poles are marked by +, the intermediate ones by x and the 5' -type 
ones by *. 



9 



[2] P. Seba: The generalized point interaction in one dimension, 

Czech. J. Phys. B36 (1986), 667-673. 
[3] S. Albeverio, F. Gcsztcsy, R. H0egh-Krohn, H. Holden: Solvable Models 

in Quantum Mechanics, 2nd edition, AMS Chelsea, Providence, R.L, 

2005 

[4] P. Exner, H. Grosse: Some properties of the one-dimensional generalized 

point interactions (a torso), e-print math-ph/9910029 
[5] J.E. Avron, P. Exner, Y. Last: Periodic Schrodinger operators with large 

gaps and Wannier-Stark ladders, Phys. Rev. Lett. 72 (1994), 896-899. 
[6] J. Asch, P. Duclos, P. Exner: Stabihty of driven systems with growing 

gaps. Quantum rings and Wannier ladders, J. Stat. Phys. 92 (1998), 

1053-1069. 

[7] R.G. Winter: Evolution of a quasi-stationary state, Phys. Rev. 123 
(1961), 1503-1507. 

[8] I.M. Green, S.A. Moszkowski: Nuclear coupling schemes with a surface 
delta interaction, Phys. Rev. 139 (1965), B790-B793. 

[9] J. -P. Antoine, F. Gesztcsy, J. Shabani: Exactly solvable models of sphere 
interactions in quantum mechanics, J. Phys. A20 (1987), 3687-3712. 

[10] J. Shabani: Finitely many S interactions with supports on concentric 
spheres, J. Math. Phys. 29 (1988), 660-664. 

[11] P. Hejci'k, T. Cheon: Irregular dynamics in solvable one- 
dimensional quantum graph, Phys. Lett. A (2006), to appear; e-print 
quant -ph/0512239 

[12] A.V. Sobolev, M. Solomyak: Schrodinger operator on metric trees: spec- 
trum in gaps, Rev. Math. Phys. 14 (2002), 421-467. 

[13] T. Fiilop, 1. Tsutui: A free particle on a circle with point interaction, 

Phys. Lett. A264 (2000), 366-374. 
[14] T. Cheon, T. Fiilop, I. Tsutsui: Symmetry, duahty and anholonomy of 

point interactions in one dimension, Ann. Phys. 294 (2001), 1-23. 



10 



